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Introduction
The purpose of this paper is to indicate how a well-known problem
in the theory of sampling can be reformulated as a problem of linear
programming. The problem is often given in the following form:
a Nt
A total is defined as X =2 lLxa where H denotes the number
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of strata, Nt the number of elements in the ith stratum and xtj
denotes the value of the jih element in the »th stratum. This total
n
n
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i
is estimated by the estimator X' = ^ Nt- X't, where X'f = 2 xa/ni
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and n( is the number of elements in a random sample drawn
without replacement from the ith stratum. The production of
this estimate will be associated with a cost function C(nlt ...,nH).
The quality of the estimate is expressed by its variance. When a
certain quality is required, an allocation problem appears. This
problem is often equivalent to the constrained minimum problem

o

, ..., nH,) = min.

(1)

var X'(w 1; ..., nH,) = vn,

(2)

subject to the restriction

where v0 is the variance corresponding to the predescribed quality.
If the cost function is constructed such that a minimum solution
exists, standard formulae for allocation of the sample can be derived
by means of simple calculus [4].
As soon as the formulae yield one or more nf > Nt, modifications
have to be introduced. If one is sampling for more than one item,
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further restrictions are imposed on the problem and the modifications
of the formulas will become rather complicated. The restrictions
which require that the variances of the estimates should have predescribed values are also unnecessarily rigorous. What we reallv
wish is that the variances are not larger than the predescribed values.
In the next section we shall transform the allocation problem when
sampling for more than one item to a linear programming model
in order to solve the above-mentioned difficulties [1]. Then a very
simple numerical example is given and the solution indicated.
A Reformulation of the Allocation Problem
In general the cost function is given a functional form which
yields a solution to the allocation problem as it was presented in the
Introduction. A linear cost function is often regarded as a good approximation. However, the average sampling cost per element may
as well depend on nt. A small ni may perhaps correspond to a higher
cost per element than a larger nt. In order to get a simple formulation
of the allocation problem we will choose this type of cost function and
give it the following functional form:

j • wf

(3)

where the parameters bt are supposed to be non-positive.
The problem is now to estimate K totals and we wish to do that
as cheaply as possible subject to the following conditions.
First, the number of elements in the sample from each stratum
can obviously neither be negative nor larger than the total number
of elements in the stratum:
0<nt<Nt

(4)

Second, the estimates X'k = ^Ni-Xki

(k=l...K)

should not

z

have variances larger than some predescribed values denoted by
Vic, (k=l...K). These conditions are expressed by:

H
(5)
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\ (K = 1 ... K).

The allocation problem is now completely defined. In order to make
it more convenient for linear programming solution, we will have to
make some additional transformations. First, we introduce the variables ?/j = n^1, (i = 1 . . . H). Then the inequalities are transformed to
equations by introducing a set of slack variables zit (i = l ... H + K).
The first H slack variables are defined as differences between yl
and 1/iVj. The next K slack variables are defined as differences
between vk (k = 1 , . . K) and the variance of the jfcth estimate.
We are now able to present the linear programming model where,
in terms of the programming terminology, the preference function
to be minimized is

subject to the linear restrictions
= vk

(k=l...K)

(8)

and the fundamental assumption about non-negativity of the variables zt (i = l ...H + K).
We are here not going to discuss the theory of the different methods
for numerical solution of linear programming problems, but only
refer to methods as Dantzig's simplex method [2] and Frisch's
double gradient form of the logarithmic potential method [3].
A Numerical Example
As an illustration of the above model, a very simple example of
the allocation problem is presented. The numerical figures should
roughly correspond to conditions in Norway.
To obtain estimates on the total employment and the value of
production in establishments manufacturing furnitures, a sample
survey should be performed. A complete list of the establishments
containing information whether each establishment is large or small
is available. For each of these two strata we have some rough ideas

as to the variances of employment and value of production based on
previous experience. These data are given in the table below.
Stratum

No. of
establishments

Large establishments
Small establishments

600
1,000

Variance o£
employement
200
10

Variance of
production
500,000
4,000

In the present case there was no reason to assume any difference
in the marginal cost functions for the two strata, i.e. the preference
function is of the form:

b<0.

(9)

Minimizing this function means the same as maximizing 2 2/r
We expect total employment not to be greater than 10,000 and
total value of production not to be greater than 400,000. It is required that none of the estimates with a probability p = 0.95 should
deviate more than 6 per cent from the characteristics estimated.
These conditions mean that the variances of the estimates on employment and value of production should not be greater than 90,000
and 144,000,000, respectively.
Using linear unbiased estimates the restrictions of the linear
programming model corresponding to (8) are:
72,000,000-2!+

90,000,

(10)

180,000,000,000-2! + 4,000,000,000-22 + 24 = 144,000,000,

(11)

where

10,000,000-22 + 23 =
2j = - 0.0016 + ylt
Zg = - 0.0010 + yz.

The meaning of these restrictions is illustrated geometrically by
the heavy drawn polygon in the figure. This polygon includes all
admissible solutions of the allocation problem as given by (10) and
(11). A double line indicates all solutions equally preferred according
to the preference function. A solution on one double line is preferred
to the solution on another double line marked by a lower number.
The optimal solution, i.e. the least expensive admissible solution,
is indicated by P and is in the present problem:
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Fig. 1.

2/i = 0.0016

and

or % = 600 and

yt = 0.0100

w2 = 100.

The optimal solution is in this simplified example found by geometrical considerations. In more complicate problems, analytical
metods must be applied.
Conclusion
The current method of optimal allocation of the sample to the
strata has three weak points. It is restricted to sampling for one item,
it has to be modified if the solution is composed of one or more M.J > Nt,
and it fails for certain types of cost functions.
The proposed method, allocation by linear programming, may
perhaps seem to have the last weakness in common with the current
method because the cost function is rather special. More general
cost functions consistent with the linear programming method can,
however, be constructed.
The use of the linear programming formulation should also be
fruitful in other fields of sample survey theory such as in clusters
sampling, double sampling, etc.
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