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I. Introduction.
In works on sample survey theory and methods the sample size
is usually regarded as determined by the sampling procedure and
the total cost of the survey.
The aim of the statistician will in general be to give some
estimates with highest possible accuracy [1]. The accuracy of the
estimates will very often depend on the time spent on processing
the information from each element as well as on the sampling
procedure and the sample size. If then the processing cost also
depends on the processing time per element, the sample size will
depend on the sampling procedure, the total grants for the survey
and the processing time per element.
This paper deals with a theory for the optimal sample size
when the sampling procedure and the total cost are given. By
optimal sample size is here meant that sample size from which
estimates with maximum accuracy can be produced when sampling
procedure and total cost are given. Section II deals with a general
model which states the problem while a special model for a simple
random sampling procedure is presented in Section III.
II. A General Model.
Let N be a finite mass of elements each of which is characterized by an individual characteristic value xt, i = 1 . . . ^\7. The
A'

aim of a survey is to measure the mean X. = 2 xt/N. We regard
i-i

measurements of the individual characteristic values as variables:
yt =xt + ri

i=l . . . N

(1)

where the components rt are called the individual errors of the
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measurements. They are assumed to be functions of the manhours spent per element on measuring the characteristic values
r, = r,(«)

I-1....V

(2)

where t denotes the man-hours per element.
We define a measure function for the mean in such a way that
the measurement of the mean, denoted by F, is a function of
the individual measurements
T=T(Vl, ...yn)
n<N
(3)
The error of the measurement T is defined as a function:
F = F(t,n,X)

n^N

(4)

The accuracy of the measurement is now defined as the inverse
value of F.
The budget condition of the survey is represented by
G(t,n,C) = Q

n^N

(5)

where C denotes the grants for the survey.
The problem of finding the optimal sample size may be defined
as the problem of finding that set of t and n which satisfies the
conditions for the constrained minimum solution of
0 (t, n, C)=F (t, n,X)-A-G (t, n, C) = minimum

(6)

where A is a Lagrangean multiplier.
The following conditions are necessary [2]:
(7)
(8)

O't and On denote the partial derivatives of 0 subject to the
variables t and n respectively.
For a regular relative constrained minimum it is also necessary
and sufficient that
O't't (Gtf + O'n'n (G'tf ~ 2 • O't'n G't G'n>Q

(9)

The set of t and n satisfying these conditions will be called the
optimal solution. If an optimal solution exists, it may be expressed,
subject to very general assumptions about the functional form 0,
as functions of C:
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t = t(C)
n = n(C)

(10)
(11)

We are only interested in non-negative solutions.
III. A Special Model.

In this section we will specify the functional forms of the model
presented in the previous section in order to deduce the optimal
solution for a simple random sampling procedure.
Assume that the individual errors of measurement can be considered as random variables possessing the following properties:
Ert = at-rl
E(rt-Ert)2 = a*

i = l ... N

(12)
(13)
(14)

This implies that the expected individual errors converge to zero
as t-^oo. Further, the individual errors are assumed to be independent.
The measure function is required to be unbiased in the sense
that if n<N then T(y1, . . . yn] should be an unbiased estimate
on T (?/! . . . «/AT) for the same value of t. It is assumed that the
n elements are a random sample drawn without replacement.
Let the measure function be
Y=yixi + ri)/n = X' + R'
i-l

(15)

where

This measure function has some well known standard properties.
The objectives of the survey should be the main factor in the
choice of error function. It will, however, be reasonable to choose
a function expressing the difference between measurement and
value of the characteristic measured. The mean square error has
been proposed [3] and will be used here:
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F(t, n,)--=E(Y(t, n,)-Xf =

(16)

= E' (X' -Xf + ER'*-2-E (R' • (X' - X))

(17)

where

(18)
(19)
(20)

Assume that the cost function consists of two additive components. The first, C0, is an overhead cost independent of the extent
of the survey. The second cost component is supposed to increase
proportionally with the man-hours spent on the survey. The cost
function is then
C(t, nJ^Co + Ct-t-n

(21)

where C^ is the cost per man-hour when C0 is excluded.
The optimal solution for the simple sampling procedure will then
have to satisfy the necessary conditions
0t = - [((N-n)/(N - 1)) • Eat (xt - X) • r 2 + 2 • Ea? • r3]/n (22)
-XCt-n = Q
On= -[(£ + <% + Eal(xi-X)-t-'i + Eazl-t-*]/nz

-A<V<=0 (23)

and the necessary and sufficient condition

O't't (G'nf + O'n'n (G'tf - 2 • 0('n • G'n • G\ = al + a* > 0

(24)

The last condition assures us that an optimal solution exists if
of and (or) of exist.
The optimal solution satisfying the above conditions can be
described as functions of C:

r —r

\

E^~---Eai(xi-X)\/(al
"

1 1/2

+ ^)

(25)

(26)
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IV. Conclusion.
The functions (25) and (26) give the optimal values of the
number of man-hours which should be spent per sample element
and the optimal sample size for the simple random sampling procedure subject to special model presented in Section III.
The cross moment E(at(xt — X)) is an important parameter in
the functions describing the optimal set. When this moment is
zero, the optimal value of t is a constant independent of C. The
optimal size will consequently increase proportionally with C.
If the cross moment is positive, the optimal number of manhours per sample element will decrease progressively and the optimal
sample size will increase progressively when C is increasing. On the
other hand, if the cross moment is negative, the optimal t will
increase degressively, while the optimal n also in this case will
increase, progressively when C is increasing.
Practical applications of this type of models for determining the
optimal sample size require apriori knowledge about the variances
of x and r, the cross moment and the second order moment of a.
Estimates of these characteristics may be prepared from a small
pilot survey and used in planning the main survey.
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